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Szegij and Waltisz and Berndt have obtained Q theorems for a class of arith- 
metical error-terms. With each such error-term, they associate a pair of real 
parameters, say ,!I and y. One of their hypotheses is that the function g(a) = 
Jam exp(--us) UY cos(au + /3~) du (r > - 1) have a change of sign. All pairs fl, y  
for which this occurs are determined here. 
Let the entire function g be defined by 
SC4 = &*,(4: = 1,” e-uaUY cos(uu + pr) du, y > -1. (1) 
This function occurs, with a real, in the work of SzegS and Watisz [3] 
and of Berndt [2] on the average order of certain arithmetical functions; 
p and y are real parameters related to the particular arithmetical function 
under consideration. The Sz theorems of these authors [3, pp. 467-469; 
2, Section 21 apply only when g(u) has a change of sign. Sufficient condi- 
tions for this to occur are given in [2, 31; Berndt obtains some necessary 
conditions as well [2, Lemma 7.4(i), (ii)]. We will determine here all pairs 
,8, y for which g(u) has a change of sign. We prove the following 
THEOREM. Let B = b (mod l), with ) b I < 4, and assume y > - 1. 
Then g(a) has a change of sign if2b > -y, or 2b < y. Otherwise, g(a) # 0 
for all real a, and its sign is that of co&%). 
The proof of this theorem is different for different ranges of /I and y. 
It is established for 1 b 1 = i and all y > - 1 in Proposition 1, for 
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-1 < y < 2 and 1 b 1 # + in Propositions 2 and 3, and for y > 2, 
I b I # $ in Proposition 4. 
We begin with two auxiliary results. 
LEMMA 1. For real a, g(a) has the representation 
t 1 
m  
&$(a) = Re emisv e+‘(u - $ia)’ dU 
0 
+ cos{pn A gy + 1) r> 11’“’ e(“-ilal%y du, (2) 
where the + and - signs correspond to a > 0 and a < 0, respectively. 
This identity is due essentially to Szegii and Walfisz [3, Section 1; 
2, (7.7)1. 
LEMMA 2. The function 
is increasing in x on (0, 00). 
Proof. Consider Euler’s beta function 
w, v): = f: t%-l(1 - t)g-l dt, x > 0, y > 0, 
= wd QYYW + VI* 
It is easily seen [l, p. 191 that log B(x, y) is a convex function of x; that is, 
p? x1+ x2 
( 2 , Y) < ml, Y> wx2 9 Y> 
for x1 , xZ and y positive. On setting x1 = x, x2 = x + 1, we get the 
inequality 
F2(x + $1 T2(x + Y + $1 
F(x) lyx + 1) G F(x + y) I% + y + 1) ’ 
x > 0, y > 0, 
which establishes the lemma. 
We are now ready to begin our discussion of g(a). The following result, 
due essentially to SzegS and Walfisz [3, p. 471; 2, Lemma 7.31, follows 
from the fact that g is an odd, entire function in this case. 
PROPOSITION 1. If COS(/%T) = 0, then g(a) has a change of sign. 
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We now determine when g(a) is of constant sign. 
PROPOSITION 2. Assume - 1 -=c y < 0. Let /I = b (mod l), with 1 b 1 < Q. 
If 1 2b 1 < -7, then g(u) f 0 for all real a, and sgn g(u) = sgn cos@r). 
Proof. Since 
&%,Y@, = -&+l,&4 (3) 
we need consider only the case I/3 1 < 8 (when b = p). We use (2), which 
we write as 
&“g(u) = s m e-%’ 1 u- *iu 17 cos{-/!I77 + y arg(u - &kz)> du 0 
+ cos{p~ f $(y + 1) n} jf ‘“’ e(“-*lal)2z@’ du. (4) 
We also have, from (l), 
e-%y cos(uu) du - sin@) j, e-uaUY sin(uu) du 
= cost/W go.,@) - WW g-~h,,@). (5) 
On setting /I = 0 in (4), we see that go,,(u) > 0 for all real a, if 
-1 -=c y < 0. Indeed, the second term on the right hand side of (4) is 
clearly nonnegative in these circumstances. The first term is positive, for 
1 y arg(u - &iu)/ < 3 1 y 1 T, since u 3 0. 
Further, since e&uy is a strictly decreasing function of u on (0, co) for 
y < 0, the alternating series argument shows that g-,,,,,(u) has the sign 
ofu,if-1 <r<O. 
It now follows from (5) that when - 1 < y < 0, g(u) > 0 for a 3 0 
if -Q < /I < 0, and for a < 0 if 0 < /3 < 4. 
To treat the case -Q < /3 < 0, a < 0, we use (4), remembering that for 
a < 0 the factor of the second integral is cos{#%r - l& + I)n}. Now 
cos{jIrr - &(r + l)rr) > 0 if 0 < 2/3 - y < 2. Further, 0 ==c arg(u - *ia) 9 
~12, since u 3 0, a -=c 0. Hence, if y < 0, 
C-B + iyb- < -fin + y arg(u - *ia) < -PT, 
so that if -4 < /3 6 &(y + l), then 
cos{-fh + y arg(u - +iu)} > 0. 
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In the same manner, we can see that g(a) > 0 for all a > 0, if 
y>-1,/3>O,and2p+y<O. 
We have thus shown that g(u) > 0 for all real a, if y > -1 and 
y < 2fi < --y; this completes the proof of Proposition 2. 
It is instructive to consider p and y as coordinates in a (6, y) plane. 
Proposition 2 may then be formulated as follows: g(u) is of constant sign 
for all real a if (8, y) lies in a triangle with vertices (k - 4, -l), (k, 0) 
and (k + 4, -l), or on one of its nonhorizontal sides, for some integer 
k. If 2 1 k, then g(u) > 0 for all a; if 2 +’ k, then g(u) < 0. 
We conclude our discussion of the range - 1 < y < 2 by proving 
PROPOSITION 3. Let /3 = b (mod l), with 1 b 1 < Q. If -1 < y < 2 
and either 2b < y, or 2b > -y, then g(u) has a change of sign. 
Proof. Because of (3) and Proposition 1, we may assume 1 /? 1 < +. 
Then, b = p, and we must show that g(u) has a change of sign if 
IBI <6, -1 <y<2, and either 2/? < y or 2/3 > -y. (6) 
Now it is not difficult to deduce from (4) that g(a) has a change of sign if 
either of the following conditions (cf. [2, Lemma 7.4(iii), (iv)]) holds: 
cos@) and cos{fln. + $(y + 1)~) haoe opposite signs, (7) 
cos(@) and COS{!T - $(y + l)~} have opposite signs. (8) 
These conditions are satisfied if we have, respectively, 
IBI <ii and 4 < P + Q(r + 1) < $3 (7’) 
IPI <4 and -g -=I p - S(y + 1) < -8. 63’) 
Together, (7’) and (8’) imply (6), and this proves Proposition 3. 
If we return to our geometric interpretation of the problem, we see that 
(7) and (8) define two families of parallelograms in the (fi, y) plane. The 
first consists of the open parallelograms with vertices (k - &, 4I+ l), 
(k - +, 41+ 3), (k + Q, 4lf I), (k + fr, 41- l), where k and 1 are 
integers; the choice k = I = 0 corresponds to (7’). The second family is 
obtained by reflecting the first in the line /I = 0. The strip -1 < y < 2 
is entirely covered by these parallelograms, the lines /3 = k + +, and the 
triangles of Proposition 2. But there are gaps for y > 2, and this range 
must be dealt with otherwise. 
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PROPOSITION 4. Let cos(j%r) # 0. Then, if y > 2, g(u) has a change of 
sign. 
Proof. Substituting u for u2 in (l), and setting x = i(y - 1) + 1, we 
may write 
gt4 = B 1: e-uux-1 cos(azA2 + flrr) du, x > 0. 
We have sgn g(0) = sgn cos(/k); as before, we may assume cos(@) > 0. 
Now let c be determined by /3 + 1 E c (mod 2), 1 c 1 < 1; then c # 0. 
We shall show that g(-c7r/x112) -=c 0 for x 3 3, that is, 
s 
co 
e-%*-l COS(--C~(U/X)~~~ + (c - 1) n} du < 0, x 3 Q. (9) 
0 
Since 
1 + cos{-cT(u/x)l~2 + (c - 1)77} = 1 - cos{c?T - c7r(u/x)1I2} 
= 2 sin2{ic7r(l - (u/x)1/2)> 
< ~c2772(1 - (u/x)““)“, 
we have 
r(x) + 2g(-cn/xl/2> < &(c~T)~ Sy e-“u”-l(l - (u/x>~‘~>~ du 
= g(czg2 {T(x) - 2x-l/2r(x + 4) + x-llyx + 1)). 
Thus, (9) will be proved if we can show that this last expression is smaller 
than r(x), for x 3 3/2. This is equivalent to showing that for x > 3/2, 
we have 
qx + $)/Xli2F(X) > 1 - (CVr-2. 
But 1 - (c~)-~ < g/IO, since I c 1 < 1; hence it suffices to show that 
qx + &)/xl/“lyx) > g/10, x 3 312. (10) 
Now (10) is easily verified for x = 3/2. And the left hand side of (10) 
increases with x on (0, a), for it is positive there, and its square isf(x), 
the function of Lemma 2. This proves (IO), and with it Proposition 4. 
Since Propositions l-4 exhaust all possible combinations of p and y, 
the proof of our theorem is complete. 
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